Abstract: Heat exchanger tube arrays are susceptible to damage due to flow-induced vibration, with fluidelastic instability (FEI) potentially being the most destructive mechanism. In this article a simple wake model consisting of a convecting vortex sheet is proposed to represent the transient nature of fluidelastic forces present in a tube array. Using this model, the memory function proposed by Granger and Paidoussis has been obtained without the need to calibrate the model with experimental data. The resulting function is found to compare well with the first-and secondorder empirical approximations. The memory function has been combined with experimental data for the static fluid force to produce a prediction of the critical velocity for a range of mass damping parameters. This stability threshold is in reasonable agreement with experimental data. Therefore, it is concluded that vorticity transport may well form part of the underlying mechanism responsible for damping controlled FEI, as previously proposed.
INTRODUCTION
Heat exchanger tube arrays are susceptible to damage due to flow-induced vibration, as they are typically long, slender structures with thin walls to promote heat transfer. There are several mechanisms responsible for flow-induced vibration, but fluidelastic instability (FEI) is potentially the most destructive. Indeed, the stability threshold represents a design and operational limitation for many large scale heat exchangers and steam generators. For example, Adobes et al. [1] demonstrated that the fluidelastic critical velocity is the limiting factor for power output in a nuclear steam generator during stretch out operation.
FEI is characterized by a rapid increase in vibration amplitude as cross flow velocity is increased. It is well known that even a single flexible cylinder in a rigid tube bundle subject to cross flow may experience large amplitude self-excited vibration referred to as FEI. The subject of FEI in tube arrays and models available for the phenomenon has been reviewed in some detail by Price [2] and Paidoussis and Price [3] .
Ignoring both turbulent buffeting and vortex shedding, the governing equation of motion for a singledegree-of-freedom tube, which can translate only normal to the mean flow direction, is m sÿ + c sẏ + k s y = F y (y,ẏ,ÿ, U )
where F y is the dynamic fluidelastic force (i.e. the force due to the interaction of the fluid with the tube motion) acting on the tube. As the phenomenon is driven by damping, the critical issue is the phase relationship between the fluidelastic force F y (t) and the tube motion y(t). Unfortunately, the detail of this function on the right hand side is still not known completely.
A quasi-steady model for the fluidelastic force F y was proposed by Price and Paidoussis [4] which assumes that the dynamic fluid force is related to the fluid force associated with a static displacement by a constant time lag. This effectively specifies a phase relationship between the tube motion and fluid force and so relates the steady fluid force to the fluid damping which is critical in controlling FEI. Granger and Paidoussis [5] improved the model by employing a time delay function rather than a constant time lag. The authors refer to this as a quasi-unsteady model. In both these models, the fluid force data were obtained experimentally and hence the models are deemed to be semiempirical. As noted by Price [6] , the quasi-unsteady model as described by Granger and Paidoussis also introduces four new parameters to be determined experimentally.
In this article, the quasi-unsteady model proposed by Granger and Paidoussis is used as a framework. The concept of vorticity transport in the wake of a cylinder within a tube array is used to obtain a time delay function without the need to fit the predictions to experimental data. Although the equations employed do not yield an analytic solution, a numerical solution is obtained for the delay function. This delay function is compared to that obtained empirically by Granger and Paidoussis and both are used to predict the critical velocity. The resulting stability thresholds are compared with experimental data for normal triangular arrays.
THE QUASI-UNSTEADY MODEL
Throughout this article, consideration will be given exclusively to a single flexible cylinder, in an otherwise rigid array of tubes, which is free to move only in the transverse direction (i.e. perpendicular to the flow and the axis of the cylinder). Furthermore, the focus will be on normal triangular arrays as, in this geometry, the separation region behind a tube is small. This allows the behaviour of the unsteady flow to be modelled by a single shear layer.
It is well known that the lift force acting on the flexible tube when subjected to a static displacement cannot be well described with a purely potential model of the flow and is not amenable to prediction through purely theoretical considerations. Therefore, as a starting point, it will be assumed that the variation of lift force with static displacement is known or, more specifically, the gradient of the lift force with static displacement at y = 0 is known. This can be obtained experimentally [4, 5] or, as has been shown recently, numerically [7] . The drag coefficient is also known empirically. However, the drag coefficient only plays a significant role in the fluidelastic behaviour of the system at low velocities. The principle question to be addressed is how the static lift force (i.e. the lift force that would be experienced at the same constant displacement) and the instantaneous lift force are related when the flexible tube is subjected to vibration. This is the core issue for the quasi-unsteady model.
Granger and Paidoussis [5] have shown that this question ultimately reduces to choosing an appropriate 'memory' function which describes the change of fluid forces after a step change in tube position. They obtained an expression for the instantaneous lift force acting on the cylinder by considering the linearized unsteady Navier-Stokes equations
where C M , C L , and C D are the added mass, lift, and drag coefficients, respectively. The displacement y is convolved with the delay function h(t). Note that y,ẏ, andÿ are non-dimensionalized using the tube diameter d and the gap velocity U . As the added mass does not change with flow velocity or tube motion, it can be included in the total modal mass, and so ignored for the purposes of this study. The drag coefficient, which acts primarily in the xdirection, influences the y-direction dynamics due to the quasi-steady assumption. The fluid force system is rotated due to apparent flow direction which is the resultant of the flow velocity and tube velocity vectors. This is a confounding factor and not the central issue. Indeed, examining the order of magnitude of the lift and drag contributions to the y component of force (the two terms in the parentheses in equation (2)), it is clear that this is a secondary effect except at low values of reduced velocity; using published data [5] , the contribution of the drag coefficient is more than an order of magnitude smaller than that from the lift coefficient.
Using the tube diameter d and the gap velocity U to form the non-dimensional time τ , the convolution function in equation (2) is defined as
with h defined as
This is the memory function at the heart of the phenomenon of damping controlled FEI. The unsteadiness is accounted for completely by the transient function which evolves continuously towards 1 for τ → +∞. This can be represented by a series of decaying exponentials and a Heaviside step function
This forms a general framework that encompasses both the traditional quasi-steady model (α i = δ i = 0) and the time delay model proposed by Price and Paidoussis [4] (setting α i = δ i = 0 and replacing H (τ ) with H (τ − τ )). Granger and Paidoussis retained the memory effect of equation (5) by empirically determining the values for α i and δ i for a first-and second-order truncation of the series.
GOVERNING EQUATIONS
The equation of motion of a single tube in an array, with the fluid force F y given by equation (2) , is identical to that for an aerofoil subject to single-degree-offreedom flutter. In the case of the aerofoil, the memory function (τ ) is the Wagner function which is simply the normalized instantaneous bound circulation on the aerofoil due to a step change in angle of attack.
Therefore, by analogy with starting flow around an aeorfoil, it is assumed that for the tube array, the memory function (τ ) is also the normalized instantaneous bound circulation on the vibrating cylinder, due to a sudden change in position y. In effect, is the indicial response of the circulation. This is the central assumption of this study.
Physically, the fluid force acting on a statically displaced tube is caused by the relative position of the tubes. This is accounted for in the quasi-unsteady model by the empirical values of C D and ∂C L /∂y. In the model, the generation of the fluid force is treated separately to the memory effect and so the generation mechanism of the fluid force will not be considered. Therefore, only the vibrating tube itself needs to be considered and the presence of a lift force can be accounted for by a bound circulation. Furthermore, the entire flow field around the tube is not required, only that part which is changing due to the tube motion.
This decomposition is in effect a linearization of the governing equations for the flow field as it depends on a superposition of an unsteady flow mechanism on the steady flow. This is not a new assumption; it is central to the quasi-steady approach. As pointed out by Granger and Paidoussis, this allows the coupled flow-structure system to be represented ultimately by a linear transfer function.
What follows is largely based on the theoretical analysis of an impulsively started aerofoil by Saffman [8] in which the Joukowski transformation is used to model impulsively started flow around a flat plate at incidence. The wake is modelled as a continuous vortex sheet. While the approach is analytical, closed form results are not possible, and so a numerical analysis described by Katz and Plotkin [9] for the same system is adapted for use here.
Vorticity transport
Consider only one tube in the interior of a normal triangular tube array. It has been shown by flow visualizaton [10] that in a normal triangular array, the recirculating regions are small.
The steady flow field around the tube is encapsulated by the empirically determined fluid force coefficients. Thus, only the unsteady vorticity transport needs to be considered. All the vorticity shed from the tube must be convected along a streamline and so only the separation streamline needs to be examined. As the bound circulation changes due to a change in lift, Helmholtz's theorem requires that the tube must shed vorticity to counteract the acquired circulation. This is shown in Fig. 1 . The velocity in the x-direction on the separation streamline behind the tube is specified as U x (x). Note that all quantities are non-dimensionalized using the tube diameter and the gap velocity as reference values. The strength of the shear layer γ (x, τ ) is a function of the position on the shear layer and as the shear layer is convecting it is also a function of time.
Thus, it is assumed that:
(a) the memory function (τ ) is equal to the instantaneous bound circulation (τ ); (b) there is no boundary layer separation around the tube; (c) the stagnation points (i.e. attachment and separation points) are colinear; (d) as a result, the boundary layer is compact and all vorticity is shed at the rear of the tube; (e) the vorticity is convected downstream with a constant velocity.
In order to conserve circulation, the change in the bound circulation is equal and opposite to the circulation shed at the separation point at all times. Recalling that the vortex sheet strength is defined as the circulation per unit length
But the length dx = U x dτ , thus
The tangential surface velocity is constant and nonzero with a value of u i . In order for the point at the start of the trailing vortex sheet to be a separation point, the relative velocity between the fluid and the surface must be zero at this location. This relies on the assumption that the boundary layer is compact. Therefore, the flow velocity induced at the separation 
The required function (τ ) depends on the unknown function λ. Given a specific circulation and tangential velocity u i , equations (7) and (8) might be solved. This is similar to the relationships obtained by Saffman [8] for an aerofoil. However, these integrodifferential equations do not readily yield an analytic solution for the bound circulation (τ ).
Discretization
Instead, consider the equivalent discrete formulation. This approach is similar to the lumped vortex model for an aerofoil developed by Katz and Plotkin [9] .
The vortex sheet is replaced with a line of discrete vortices of unknown strengths, γ j . This is shown schematically in Fig. 2 . These vortices are positioned at locations s j which have been chosen such that they are separated by a constant time step, τ . This is not necessarily the same as choosing a constant spatial increment as the convection velocity U x may change in space.
Equation 6 can now be written as a difference equation
where the subscript j refers to time τ j = j τ . It is possible to use the same subscript to denote the temporal time step as well as the spatial step without ambiguity because s j are separated by constant time.
The induced velocity at the separation point can also be expressed in terms of the discrete system
Once the transient has decayed at τ → ∞, the steady-state circulation is achieved, which must be 
Recall that it is assumed that the memory function (τ ) is the normalized instantaneous circulation on the tube. Thus, = / 0 . Definingγ j = γ j / o and normalizing equations (9) and (10) with this circulation yields
The core of the numerical solution is obtained by rearranging these equations
The process is initialized withγ j = 0 and 1 = 0 and time marching achieved by settingγ j+1 =γ j . The convection velocity is effectively embedded in the values of s j .
The wake (i.e. the vortex sheet) should extend downstream to infinity. However, for convenience, the wake is truncated a distance two tube rows downstream. It has been found that the memory function is not sensitive to this cut off. Using cut-off distances of four rows and eight rows produces almost identical curves. It is interesting to note that this two-row limit is the same that was used by Lever and Weaver [11] to track perturbations in the streamtube downstream.
Convection velocity
The convection velocity U x is the component of local velocity in the x-direction. Following an approach similar to Lever and Weaver's wavy wall flow channel, it is possible to derive an expression for U x as a function of x. However, it has been found that this added complexity in the model does not modify the memory function appreciably and introduces additional assumptions regarding the flow around the separation point. Instead a mean convection velocity has been used.
Based on continuity considerations at the gaps between tubes, the axial flow velocity (i.e. convection velocity) must vary from in the range
Assuming a linear variation, the mean convection velocity is simply
Note that this mean convection velocity is particular to the normal triangular array geometry, although it is independent of pitch ratio.
RESULTS
The approach described above has been validated in two ways. The memory function derived from the current scheme has been determined and compared with that obtained by fitting to experimental behaviour by Granger and Paidoussis [5] in section 4.1. This has then been used as the basis for a prediction of the FEI threshold for normal triangular arrays in section 4.2.
Determining the memory function
Equations (14) and (15) above have been used to generate the memory function for a normal triangular tube array with a pitch ratio of 1.375. A nondimensional time step of 10 −3 has been used. Figure 3 shows the normalized instantaneous circulation on the tube as a function of time. As discussed above, this function is assumed to be identical to the memory function . The first-and second-order approximations for this function obtained empirically by Granger and Paidoussis are shown for comparison.
It should be noted that at time τ = 0 the tube has not experienced any displacement. Thus the lift and the circulation, and hence the memory function, should be zero at this time. Examining equation (5) indicates that for this to be true [5] ; · · ·, second-order empirical function [5] ; -, current model; , first-order approximation of current model Both the first-and second-order approximations obtained by Granger and Paidoussis violate this condition, although their values for the in-line square array approximately satisfy it. As can be seen in Fig. 3 , the current model has a similar timescale to both the empirical approximations.
In order to facilitate the prediction of FEI thresholds in the next section, a first-order truncation of the memory function (equation (5)) has been fitted to the current model subject to the physical constraint of equation (17). For a first-order approximation this reduces to α 1 = 1. All the values of α i and δ i are tabulated in Table 1 for comparison.
Prediction of critical velocity
Obtaining a prediction of the FEI threshold can be most easily done in the Laplace domain where the convolution which is central to the quasi-unsteady model simply becomes a product.
Substituting equations (2), (4), and (5) into equation (1) yields the governing equation for the coupled fluid-structure system. The Laplace transform of this governing equation in non-dimensional form is
where m r is the mass ratio (i.e. the ratio of mean tube density to fluid density), the reduced gap velocity U r = U /dω o , while ω o and ζ o are the natural frequency and damping ratio of the structural system, respectively. The non-dimensional Laplace variable is defined as
The frequency ratio R = ω/ω o ; the frequency and damping ratio of the coupled fluid-structure system ω and ζ , respectively.
Equation (18) is the characteristic equation of the coupled fluid-structure system, the dynamics of the which are determined by the root with the most positive real part. If the summation is truncated at order 2, as suggested by Granger and Paidoussis, the characteristic equation becomes a quartic polynomial in λ; if the memory function is approximated with a firstorder model (i.e. α 2 = δ 2 = 0), this reduces to a cubic polynomial.
Thus, the characteristic equation of the coupled system can be written as
where
It is clear that the coefficients of the characteristic polynomial (equation (20)) depend strongly on the reduced gap flow velocity U r . Note that for the no flow condition (i.e. U r = 0), the characteristic equation reduces to that of the single-degree-of-freedom structural system as would be expected. It is also interesting to note that the structural damping ratio ζ o appears in some of the coefficients of U r (see B 1 and B 2 in equation (20)). This reflects the fact that ζ o determines the long term evolution of the response amplitude when a perturbation is applied. As the memory function can be thought of as a low pass filter, the time history of response amplitude effects the response itself. Furthermore, the mass ratio m r does not appear exclusively with the damping ratio ζ o supporting the conclusion reached by Price [6] that the mass damping parameter is not the most suitable parameter to describe damping controlled FEI.
At the onset of instability, the total damping ζ is zero and there are only two unknowns: the critical velocity U rc and the frequency ratio R. Using this condition
After substitution into equation (20), balancing the real and complex parts will yield two equations. The frequency ratio can be eliminated yielding a quintic polynomial in the critical velocity
. These functions are detailed in Appendix 1. Although these functions are extremely unwieldy, they are straight forward algebraic functions and are easily evaluated numerically for a given parameter set. The roots of equation (36) can then be obtained. In general it has been found that only one root is real and positive. This value U cr corresponds to the stability threshold.
Keeping the mass ratio constant (m r = 1000) and varying the damping ratio, a stability map has been obtained. Granger and Paidoussis [5] specify experimental values for C D and ∂C L /∂y in terms of the pitch ratio. Using a pitch ratio of P/d = 1.375 Figure 4 shows the stability threshold obtained from the roots of Equation (36) with the first-order approximation discussed above. The prediction using the empirical second order approximation obtained by Granger and Paidoussis is included. Experimental data [12] [13] [14] are also shown. All the critical velocities have been normalized with Chen's correlation to account for pitch ratio [15] . Note that the normalization factor is 1 for a pitch ratio of 1.375. It should be noted that the three sources chosen are not exhaustive of data in the literature for fluidelastic thresholds. ∇, Austermann and Popp [13] , P/d = 1.25; , Austermann and Popp [13] , P/d = 1.375; , Price and Zahn [12] , P/d = 1.375; , Meskell and Fitzpatrick [14] , P/d = 1.58; , Meskell and Fitzpatrick [14] , P/d = 1.32; ---, second-order empirical model [5] , P/d = 1.375; -, first-order current model, P/d = 1.375
However, these data have been obtained from similar experimental configurations: a single flexible cylinder in a rigid normal triangular array subject to cross flow of air. As a result, the mass ratio of these studies is of the same order as that chosen for the calculation. Note that the vertical axis is a linear scale, not a logarithmic scale as usually employed. As can be seen, both the current first order model and the empirical second order model of Granger and Paidoussis produce similar stability thresholds. The current model yields consistently conservative predictions for the critical velocity. The factor by which the current model underestimates the stability threshold ranges from just over 1 at low mass damping values (m r δ ≈ 10) up to a factor of 3 at larger values (m r δ ≈ 500). In addition, the slope of the stability threshold is marginally lower at high values of the mass damping parameter than that obtained previously.
The fact that both the empirically determined second-order model and the current first-order model dramatically underestimate the critical velocity would seem to suggest that the general framework proposed by Granger and Paidoussis either systematically underestimates the positive fluidelastic damping (i.e. the component primarily associated with the drag force) or overestimates the negative fluidelastic damping (i.e. the damping resulting from the memory function). However, as the flow velocity increases, the importance of the drag force reduces. The fact that error in the predicting the critical velocity increases with reduced velocity suggests that the problem with the model lies in the estimation of the negative fluidelastic damping.
Given the rather crude approximations made in this development, the fact that the vorticity transport concept has yielded predictions that are comparable to the experimental values suggests that the basic mechanism that introduces the phase difference between tube motion and fluid force has been modelled.
CONCLUSIONS
A simple wake model has been proposed to simulate the transient fluid mechanics which give rise to FEI. Using this model, the memory function proposed by Granger and Paidoussis [5] has been obtained by numerical integration of the governing equations. This memory function has been shown to compare well with the empirical approximations obtained by Granger and Paidoussis.
A first-order approximation was fitted to the new memory function obtained. The empirical coefficients associated with the fluid force for a static tube displacement reported by Granger and Paidoussis were used with this approximated memory function to obtain predictions of the fluidelastic threshold for a normal triangular array with a pitch ratio of 1.375.
The predicted stability thresholds compare reasonably well with experimental data available in the literature and are comparable to those obtained from the empirically calibrated second-order model.
The success of this model supports the proposal made by Granger and Paidoussis that the underlying process responsible for damping-controlled FEI is in fact vorticity transport. Furthermore, the current work implies that relatively simple and hence computationally inexpensive vortex methods could capture FEI.
APPENDIX
The characteristic equation of the system is given by equation (20)
The coefficients B i are polynomials of powers of U r . For convenience, the coefficients of these polynomials can be designated as b ij where i is the power of λ and j is the power of U r and are defined in equations (27) to (30). The terms of these polynomials, b ij defined above in equations (26) to (30), depend on: the steady flow force coefficients C D and ∂C L /∂y; the memory function parameters α i and δ i ; and the structural parameters ζ 0 and m r .
